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A Construction for Perfect Periodic Autocorrelation Sequences
Samuel T. Blake, Andrew Z. Tirkel
School of Mathematical Sciences, Monash University, Australia
Abstract. We introduce a construction for perfect periodic autocorrelation sequences over roots of
unity. The sequences share similarities to the perfect periodic sequence constructions of Liu, Frank, and
Milewski.
Perfect periodic autocorrelation sequences see applications in many areas, including spread spectrum
communications [Simon, 1985], channel estimation and fast start-up equalization [Milewski, 1983], pulse
compression radars [Farnett, 1990], sonar systems [Xu, 2011], CDMA systems [Ipatov, 2005], system identi-
cation [Van Schyndel, 2001], and watermarking [Tirkel, 1993].
There exists a number of known constructions for perfect sequences over roots of unity. These include
Frank sequences of length n2 over n roots of unity [Heimiller, 1961][Frank, 1962], Chu sequences of length n
over n roots of unity for n odd and length n over 2n roots of unity for n even [Chu, 1972], Milewski sequences
of lengthm2k+1 overmk+1 roots of unity [Milewski, 1983], Liu-Fan sequences of length n over n roots of unity
for n even [Liu, 2004]. Other sequence constructions exist [Ipatov, 1979][Alltop, 1980][Lewis, 1982][Kumar, 1985]
[Gabidulin, 1993][Mow, 1993]. This construction presented in this paper is similar to the ZCZ sequence con-
struction by the authors [Blake, 2012].
The periodic cross-correlation of the sequences, a = [a0, a1, · · · , an−1] and b = [b0, b1, · · · , bn−1], for shift
τ is given by
θa,b(τ) =
n−1∑
i=0
aib
∗
i+τ ,
where i + τ is computed modulo n. The periodic autocorrelation of a sequence, s for shift τ is given by
θs(τ) = θs,s(τ). For τ 6= 0 mod n, θs(τ) is called an off-peak autocorrelation. A sequence is perfect if all
off-peak autocorrelation values are zero.
The periodic autocorrelation of a sequence, s = [s0, s1, · · · , sld2−1], can be expressed in terms of the
autocorrelation and cross-correlation of an array associated with s [Heimiller, 1961][Frank, 1962][Mow, 1993].
The sequence s has the array orthogonality property (AOP) for the divisor d, if the array S associated with
s has the following two properties:
1. For all τ , the periodic cross-correlation of any two distinct columns of S is zero.
2. For τ 6= 0, the sum of the periodic autocorrelation of all columns of S is zero.
Any sequence with the AOP is perfect [Mow, 1993].
In most perfect sequence constructions, one proves the sequence has perfect autocorrelation by reducing
the autocorrelation to a Gaussian sum. A Gaussian sum is given by
∑n−1
k=0 ω
qk, where ω = e2pi
√−1/n and
q ∈ Z. If q 6= 0 mod n, then the sum is zero.
We present a construction for perfect sequences over roots of unity. Let s be a sequence of length 4mnk+1
over 2mnk roots of unity, where n,m, k ∈ N. Construct a 2mnk+1 × 2 array, S, over 2mnk roots of unity,
where S = [Si,j ] = ω
⌊i(i+j)/n⌋ and ω = e2pi
√−1/(2mnk). The sequence s is constructed by enumerating,
row-by-row, the array S.
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We now show that s has perfect periodic autocorrelation. We show s is perfect by showing that it has
the array orthogonality property (AOP) for the divisor 2. First, we show that the cross-correlation of the
two columns of S is zero for every non-zero shift.
θSi,0,Si,1(κ) =
2mnk+1−1∑
i=0
Si,0 S
∗
i+κ,1 (1)
Let i = qn+ r, (r < n), and κ = q′n+ r′, (r′ < n), then (1) becomes
θSqn+r,0,Sqn+r,1(q
′n+ r′) =
2mnk−1∑
q=0
n−1∑
r=0
Sqn+r,0S
∗
(q+q′)n+r+r′,1
=
2mnk−1∑
q=0
n−1∑
r=0
ω
⌊
(qn+r)2
n
⌋
ω
−
⌊
((q+q′)n+r+r′)2+(q+q′)n+r+r′
n
⌋
=
2mnk−1∑
q=0
n−1∑
r=0
ω
−(2nq′+2r′+1)q−2q′r+
⌊
r2
n
⌋
−
⌊
(r+r′)(r+r′+1)
n
⌋
= ω−2q
′r′−q′

2mnk−1∑
q=0
ω−(2nq
′+2r′+1)q


(
n−1∑
r=0
ω
−2q′r+
⌊
r2
n
⌋
−
⌊
(r+r′)(r+r′+1)
n
⌋)
.
The leftmost summation above is zero, as −2nq′ − 2r′ − 1 6= 0 mod 2mnk (since −2nq′ − 2r′ − 1 is odd for
all n, q′, r′, whereas 2mnk is even for all n, q′, r′). Thus s satisfies the first condition of the AOP.
Now we show that s satisfies the second condition of the AOP. That is, for all non-zero shifts, we show
that the sum of the periodic autocorrelations of both columns of S sums to zero.
θSi,0(κ) + θSi,1(κ) =
2mnk+1−1∑
i=0
Si,0 S
∗
i+κ,0 +
2mnk+1−1∑
i=0
Si,1 S
∗
i+κ,1
=
2mnk+1−1∑
i=0
ω
⌊
i2
n
⌋
ω
−
⌊
(i+κ)2
n
⌋
+
2mnk+1−1∑
i=0
ω
⌊
i2+i
n
⌋
ω
−
⌊
(i+κ)2+i+κ
n
⌋
(2) + (3)
Let i = qn+ r, (r < n), and κ = q′n+ r′, (r′ < n), then (2) becomes
ω−2q
′r′−nq′2
2mnk−1∑
q=0
n−1∑
r=0
ω
−2(nq′+r′)q−2q′r+
⌊
r2
n
⌋
−
⌊
r2+r′2+2r′r
n
⌋
= ω−2q
′r′−nq′2

2mnk−1∑
q=0
ω−2(nq
′+r′)q


(
n−1∑
r=0
ω
−2q′r+
⌊
r2
n
⌋
−
⌊
r2+r′2+2r′r
n
⌋)
. (4)
Similarly, (3) becomes
ω−2q
′r′−nq′2−q′
2mnk−1∑
q=0
n−1∑
r=0
ω
−2(nq′+r′)q−2q′r+
⌊
r2+r
n
⌋
−
⌊
r2+2r′r+r+r′2+r′
n
⌋
= ω−2q
′r′−nq′2−q′

2mnk−1∑
q=0
ω−2(nq
′+r′)q


(
n−1∑
r=0
ω
−2q′r+
⌊
r2+r
n
⌋
−
⌊
r2+2r′r+r+r′2+r′
n
⌋)
. (5)
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Then θSi,0(κ) + θSi,1(κ) = (4) + (5) is given by
ω−2q
′r′−nq′2

2mnk−1∑
q=0
ω−2(nq
′+r′)q


(
n−1∑
r=0
ω
−2q′r+
⌊
r2
n
⌋
−
⌊
r2+r′2+2r′r
n
⌋
+
ω−q
′
n−1∑
r=0
ω
−2q′r+
⌊
r2+r
n
⌋
−
⌊
r2+2r′r+r+r′2+r′
n
⌋)
.
The summation
∑2mnk−1
q=0 ω
−2(nq′+r′)q is non-zero when −2(nq′ + r′) = 0 mod 2mnk, which is when q′ =
−mnk−1, r′ = 0 (excluding q′ = r′ = 0 as we only consider off-peak autocorrelations). In which case we have
n−1∑
r=0
ω
−2q′r+
⌊
r2
n
⌋
−
⌊
r2+r′2+2r′r
n
⌋
=
n−1∑
r=0
ω
−2q′r+
⌊
r2+r
n
⌋
−
⌊
r2+2r′r+r+r′2+r′
n
⌋
=
n−1∑
r=0
ω−2q
′r =
n−1∑
r=0
e
(
2pi
√−1
n
)
r
= 0.
Thus, θSi,0(κ) + θSi,1(κ) = 0, so s satisfies the second condition of the AOP. It follows that s is a perfect
sequence.
We note that the array, S, also has perfect periodic autocorrelation. The proof follows from the sequence,
s, having the AOP.
In terms of the ratio of the sequence length to the number of phases, this construction sits below the
construction of Milewski and above the constructions of Chu and Liu.
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